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An experimental and computational study is presented on the interfacial dynamics of a
sessile fluid droplet having both high electric permittivity and high magnetic permeability in
the presence of simultaneous electric and magnetic fields. A transient computational model is
developed that simultaneously solves the Navier-Stokes equation and Maxwells’ static
equations to predict the transient geometry of a ferrofluid droplet subject to electric and
magnetic stress. Results of the model are validated against silhouette images of an electrically
biased ferrofluid droplet in the bore of a Helmholtz coil. At high electrical bias the laboratory
droplet displays a magneto-electrostatic spray instability similar to electrospray, but
augmented by the magnetic stress. The simulation accurately predicts the shape of the stressed
meniscus up to the point of instability. By analyzing the simulation results it is possible to
isolate the individual contributions of electric, magnetic, and capillary stress. Near the onset
of spray instability it is shown that the magnitude of the magnetic stress can comprise 2/3 of
the magnitude of the electric stress suggesting that the resulting spray is strongly affected by
magnetic influence and is thus markedly different than classical electrospray.
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I. Introduction
The deformation of a fluid meniscus in an electric field, which in the case of sufficiently strong fields results in
emission of charged droplets, has many practical applications including mass spectrometry, pharmaceutical
production, nano-fabrication, and spacecraft propulsion. Traditionally, this phenomenon of emission is achieved only
in the presence of an electric field with a magnetically neutral fluid and is thus termed “electrospray.” However, it has
been demonstrated that emission can be assisted through the use of a magnetic field and a superparamagnetic fluid,
changing the dynamics of the fluid meniscus and emission.1, 2 The aim of this research was to develop a modeling tool
to predict the deformation of a fluid interface under simultaneous electric and magnetic stress and to analyze the
dynamics leading up to spray emission.
When a uniform electric field is applied to a droplet that has a closed bounding interface with another fluid (or
vacuum) the droplet elongates in the direction of the applied field. At equilibrium the droplet assumes the shape of an
oblate spheroid with geometry dependent on the coefficient of surface tension, the permittivity of the fluid and that of
the surrounding, and the volume of the fluid drop. Likewise, when a fluid droplet of high permeability is subject to a
magnetic field in a similar fashion, the fluid droplet will similarly stretch in the direction of the applied field. This
phenomenon has been investigated in great depth utilizing analytical methods3-7 for the presence of a single field
(either E or H) with much less attention given to the case when both fields are present.8, 9 When the fluid droplet is
pinned to a surface, the shape of the droplet is complicated by the addition of the contact surface energy. Previous
investigation into the deformation of sessile droplets under the influence of either electric or magnetic fields has been
studied numerically,10-15 but little attention has been given to the meniscus behavior of a sessile droplet under the
combined action of electric and magnetic fields.
For strong electric fields, the fluid meniscus will deform into a sharp point until a threshold is reached at which
time the pointed meniscus begins to emit a jet or even individual molecular ions. The precise voltage needed to achieve
emission is referred to as onset voltage. Several models have been developed to predict the onset voltage. The most
eminent of these models is by Prewett & Mair. In this model onset voltage for electrospray is predicted as the condition
when the apex electric stress equals the capillary surface stress; assuming the meniscus is a paraboloid having tip
radius r separated from the extractor electrode by a distance d , the Prewett & Mair approximation becomes:16
 2d   r
Vc  ln 

 r  0

(1)

While this relationship is intuitively straightforward, it is only an approximation and is not physically rigorous. The
premise of Prewett & Mair is that the fluid will emit spray when the electric traction exceeds the surface tension. In
reality this condition will never occur: the capillary stress depends upon the coefficient of surface tension and the
interface radius of curvature; in response to increasing electric stress the pliant meniscus will sharpen without limit
(radius of curvature r can decrease to zero) and thus there is no practical upper bound on the capillary stress that can
be ‘exceeded’ by the electric stress. Despite this, for many instances the Prewett & Mair relationship agrees adequately
with observations in select cases – typically when some external structure such as a hollow capillary or externally
wetted needle is present to impose a geometric length scale independent of the fluid properties. However, magnetic
stresses are not included or anticipated in the onset model of Prewett & Mair. Another electric-field-only onset model
was developed by Krupon and Shea.17 This approach modeled the fluid deformation leading up to onset using a
combined numerical model for the stresses and an analytical model for the geometry. Unlike the Prewett & Mair
approach the technique of Krpoun and Shea includes a deformable meniscus, however the meniscus shape is
constrained to be a conic section defined by a Bernstein-Bezier curve and thus the self-consistent meniscus profile is
not obtained in the process of solution.
Work reported here was motivated by a desire to understand the onset conditions for a new type of electrospray,
where both electric and magnetic fields are applied to a superparamagnetic fluid to achieve spray. King, et. al.1
developed an ionic liquid ferrofluid (ILFF) that responds strongly to both magnetic and electric stresses. In this
technique the fluid is neither coated on the external surfaces of a solid needle nor fed through a hollow capillary and
thus there is no imposed geometric length scale. Instead liquid peaks are formed in the free surface of a pool of ILFF
by exciting a normal-field instability18 via applied magnetic field; an applied electric field then acts in concert with
the magnetic field to achieve spray. Prediction of the onset voltage for ILFF electrospray is complicated by two factors:
(1) both the electric and magnetic stresses depend strongly on the shape of the meniscus (which in turn depends on
the applied fields), and (2) the fluid free surface deforms gradually under the applied fields such that there is no
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relevant “tip diameter,” such as would be present in the case of a hollow-capillary electrode, that can be used to
estimate the onset electric field.

II. Overview of Research
The goal of this research was to develop a predictive modeling tool to analyze the flowfield and interface
deformation of liquids subject to simultaneous electric and magnetic stresses. Images of deformed fluid volumes were
analyzed using electro/magnetostatic simulation to determine the coefficient of surface tension for the fluid under
study. Using this value of surface tension, a dynamic Navier-Stokes and Maxwell stress model was employed to
predict deformation shapes of droplets under the action of combined fields. The resulting simulated droplet geometries
were verified against laboratory images.

III. Fluid Electromagnetic Stress Tensor
The stress balance on a fluid-fluid interface can be expressed as follows:

nˆ  T1  nˆ  T2    t  nˆ  nˆ  t

(2)

Where T is the fluid stress tensor,  is surface tension between the two fluids, and t is the tangential gradient
along the fluid interface. For a simple fluid, the stress tensor is dependent only on the local fluid pressure and the fluid
velocity. The resulting stress tensor can be expressed as:


 T
Ts   pI   u   u  



(3)

In the presence of magnetic and electric fields, the Maxwell stress tensor must be included in addition to the terms in
Eq. (3). For the case of an incompressible nonlinear magnetic material, the magnetic stress tensor becomes:18
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For an incompressible linear polarizable material, the stress tensor is:19
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For a static fluid interface both the normal and tangential components of the stress will be balanced and the viscous
stresses will be zero, such that Eq. (2) will reduce to:
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Where  rFF is the relative electric permittivity of the fluid while E0 and EFF are the electric field on the air side and
fluid side of the fluid-air interface, respectively. This relation is termed the magnetic and electrically augmented
Young-Laplace equation. In Eq. (6), the  M  nˆ  term is referred to as the magnetic surface normal stress while the
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 MdH term is the fluid-magnetic pressure. Variations in the static pressure along the interface materialize in the p
term. The tangential component for the magnetic stresses along both sides of the interface are equal. In the absence of
free charge, the tangential component of the electric stress will also sum to zero.

IV. Determining Fluid Surface Tension
The goal of this work was to develop a predictive model for droplet geometry under combined arbitrary electric
and magnetic fields. One crucial input to the model is the fluid’s coefficient of surface tension, since this establishes
3
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the magnitude of the capillary stress. In order to compare model results to laboratory observations it was necessary to
establish the coefficient of surface tension for the fluid under study. To determine the surface tension, silhouette
images of a fluid meniscus were taken under static conditions. From the stationary droplet contour, a static
electrostatic/magnetostatic model was created using COMSOL to calculate the electromagnetic field parameters and
the corresponding surface stresses on the equilibrium fluid interface. Since all of the individual stress elements must
sum to zero for a static interface, the unknown value of surface tension was determined from the measured curvature
and calculated electromagnetic fields. Detailed in the following subsections is the experimental and modeling
approach incorporated into this static analysis.
A. Meniscus Imaging Study Under Magnetic Stress
An imaging apparatus was utilized to image a sessile ferrofluid droplet under controllable electric and magnetic
fields. This setup, shown in Figure 1, backlights the ferrofluid droplet, enabling silhouette images to be taken. This
method of imaging creates well defined silhouettes, allowing for precise edge detection.

Figure 1: Diagram of imaging setup. (1) Blue LED collimated backlight source, (2) Ferrofluid
droplet on slide within Helmholtz coil (not shown), (3) Variable zoom imaging lens, (4)
Monochromatic CMOS camera.
A Helmholtz coil, shown in Figure 2, generated a variable uniform magnetic field. The coil consisted of a pair of
solenoids, each containing 100 windings. The coil and power supply is capable of generating a maximum field of 310
gauss. Slots in the coil core allowed for light to pass through to backlight the droplet. Coil current was measured with
the use of a shunt resistor, and a calibration relationship was obtained with the use of an Alpha Labs GM-2 Gauss
Meter with a High Stability Universal Probe. The fluid droplet was biased by applying a voltage to the electrode (2)
in Figure 2 using a Stanford Research Systems PS350 high-voltage power supply with a range of 5kV.

Figure 2: (Left) Cross section of Helmholtz coil apparatus. The coil inner diameter is 3.8 cm. (1)
Coil with 100 wraps per solenoid, (2) Biased electrode supporting droplet, (3) Ferrofluid droplet,
(4) Grounded electrode. Spacing between the two electrodes is 4 mm. (Right) Image of Helmholtz
Apparatus
The ferrofluid used for all work reported here was commercially available EFH1 from Ferrotec. ILFF was not
selected for this work due to the availability of well documented commercial ferrofluids which is adequate for testing
in standard atmospheric conditions. Aluminum, brass, stainless steel, and ITO glass were investigated as electrode
material to qualitatively determine the wettability with the ferrofluid. It was found that the fluid had near perfect
wettability to all surfaces tested. Ultimately, polished brass was selected for the supporting slide. It was found that
applying the droplet to the slide in the presence of a magnetic field prevented the fluid from spreading - ensuring that
only a single tip formed. Images were then taken, decreasing the field for each subsequent image. A sample image
obtained from this system is shown below in Figure 3. Silhouette images were then processed to perform edge
detection and volume integration.
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Figure 3: Sample image acquired of ferrofluid peak within Helmholtz coil. Peak Volume was
0.2688 mm3 and the applied magnetic field was 203 gauss.
Previous work by Gollwitzer has suggested the possibility of hysteresis in the height of a ferrofluid peak, which
was attributed the fluid wetting the container.10 To determine the significance of wetting on the peak height, the
magnetic field was first decreased, then increased back to the original strength. These results, in which no significant
hysteresis was observed, are shown below:

Figure 4: Tip height for a fluid droplet with a volume of 0.350 mm3. The droplet was placed in a
strong magnetic field using a syringe. The field strength was then decreased and increased again
as a series of images were taken.
Operating at peak current, the Helmholtz coil dissipates approximately 150 W of power. Surface tension and
magnetization are both a strong function of temperature; therefore, the sensitivity of the fluid droplet to the power
dissipated by the coil was investigated. Several trials were run by imaging a peak within the coil operating at 80%
peak power for 160 seconds. Images were taken of the droplet every 15 seconds. Since direct measurement of the
droplet temperature was not feasible, tip height over time was selected as the sensitivity metric. Over a 160-second
period a 5% change in tip height was observed due to thermal influence of the coils. However, during 30 seconds,
which is the time span typical for a set of images to be taken for this analysis, the height change was < 1%. Results
from this study are presented below in Figure 5.
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Figure 5: Study of droplet geometry sensitivity to magnet coil heating. Tip height was normalized
against the initial height such that droplets of different volume could be plotted together. If the
droplet is imaged within 30 seconds of applying the Helmholtz field then the temperature-induced
height change is less than 1%.
B. Calculating Surface Stress Components
A static electromagnetic COMSOL model was created of the imaged droplet in order to isolate the individual stress
components. Once these components were determined, the droplet surface tension could be calculated by balancing
the stresses along the meniscus. A silhouette image, such as that shown in Figure 3, was used to define a rigid volume
of magnetic material that is a pure dielectric within the solution domain. By solving the static Maxwell equations for
the given geometry and boundary conditions it was possible to reconstruct the fields M, H, and E and, from these, the
surface stresses were determined from their respective stress tensors on both sides of the fluid interface. In addition to
the electromagnetic fields the silhouette image provided a measure of the surface curvature at all points on the
interface; this value was used in calculations of capillary stress such that the only remaining unknown is the magnitude
of the coefficient of surface tension.

Figure 6: Simulation domain for single ferrofluid droplet subject to a vertical magnetic and electric
field.
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The magnetization curve M vs. H for EFH1 is shown in Figure 7. The magnetization relationship for an ideal ferrofluid
is often expressed as a Langevin function:18


1 
M   coth  H  

 H 


(7)

where  H is a ratio of the magnetic to kinetic energy of each magnetic particle and  is a function of the bulk
magnetization of the nanoparticle material and the volume fraction of the particles in the ferrofluid. The relative
permeability as a function of H thus becomes:

r 

M H

 1
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H
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(8)

While the Langevin function fits the M  H  data for EFH1 reasonably well (Figure 7), it does a poor job capturing
the nuances of the relative permeability (Figure 8). The Langevin derivation assumes a uniform size distribution of
the magnetic particles, which is not an accurate representation for EHF1. Therefore, it was decided to employ a 4th
order polynomial to model the magnetization of EFH1 for work reported here. While unphysical, the polynomial
yielded very high correlation with measured data in the region of interest for the H field magnitude present in these
studies.

Figure 7. Magnetization vs. applied H field for EFH1 Ferrofluid. Correlation: Langevin
R2=0.9973, 4th order polynomial R2=0.9999. Magnetization data were determined using a vibrating
sample magnetometer and were provided by Ferrotec.20
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Figure 8: Relative permeability based on curve fits of EFH1 magnetization data.

Figure 9: Components of surface stress calculated using electromagnetic solver on a measured
droplet silhouette. Hydrostatic and capillary stress were determined by fitting Eq. (9). Fitting only
performed in shaded region. The residual line represents the stress imbalance resulting after the
fitting process.

By solving the Maxwell equations for the static droplet geometry, the magnetic and electric stresses can be
determined from their respective stress tensors along the fluid interface. The remaining unknowns are the internal
fluid pressure and the capillary pressure. These components cannot be calculated by the model, but can be easily
determined in post-processing. For a static fluid, the internal pressure varies linearly with the fluid height while the
capillary pressure is proportional to the surface tension and the local curvature. Consequently, the stress needed to
balance the interface is a superposition of these two components, as expressed below:

P  Pcapillary   ferrofluid  air  gz  P0, z  0    t  nˆ  nˆ  Pelectric  Pmagnetic
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(9)

Both the unknown terms P0, z  0 , which is the hydrostatic pressure at the datum point and  , which is the coefficient
of surface tension, can be determined from Eq. (9) by performing a least squares fit along the fluid-air interface. An
example profile for a ferrofluid droplet silhouette in the presence of only a magnetic field is shown in Figure 9. For
this droplet, the fitting process resulted in a calculated surface tension of 13.8 mN/m. The “Residual” line in Figure 9
shows the algebraic sum of the three individual stress components; the fact that this line is nearly zero indicates that
the computed interface is nearly stress-free and thus static.

V. Predictive Model of Electromagnetic Droplet Deformation
Expanding on the static droplet model, a dynamic model was created with the goal of predicting fluid motion and
interface dynamics for an arbitrary droplet and field configuration. Such a predictive model could be used to study
fluid dynamics in regimes beyond those that can be easily configured in a laboratory set-up.
A. Computational Approach
The dynamic simulation was designed to solve for temporal meniscus evolution and equilibrium steady-state
geometry for arbitrary fields. To reduce the computational load, the physics interfaces were solved only in the
necessary domains. The computational domain was the same as that shown in Figure 6. Consequently, the electrostatic
and two-phase flow interfaces of COMSOL were applied to domains 2 and 4 while the magnetostatics interface was
applied to all domains. Due to the extremely low conductivity of EFH1, the fluid was modeled as a dielectric with no
free charges on the interface. The electric and magnetic fluid stress tensors were added to the interface stress balance
through the use of a weak contribution along the interfacial boundary within the two-phase flow physics module. This
weak contribution enables the electric and magnetic stress tensors calculated by the electrostatics and magnetostatics
modules to be coupled with the fluid physics. The general equation for the weak form contribution becomes:

 Pe  Pm  test  u   nr  test  u   nz 
Where test 



(10)

is the Test Function and Pe and Pm are the electric and magnetic stresses that are determined as

follows:
Pe   Te  Te   nˆ
Pm   Tm  Tm   nˆ

(11)

Note: Te and Tm are the electric and magnetic stress tensors and the superscripts  and  denote the fluid above
and below the ferrofluid-air interface, respectively.
For the case of zero electric field, the fluid shape was modeled with 200 elements along the fluid interface. Since
the electric field can display an intense gradient in the region of the meniscus peak, an increase in mesh density was
necessary to model this region. As a result, between 200 and 600 elements were utilized with a high concentration
near the tip. Adaptive remeshing was integrated into the model such that when the minimum element quality became
less than 0.1, the geometry was remeshed. This enabled large deformations in the geometry. Droplet volume was
conserved during the remeshing process. The simulation was run for 0.75 seconds, although the droplet profile did not
evolve any measureable amount typically after 0.3 seconds.
B. Simulation Results and Comparison with Data
Two sets of laboratory images will be discussed in this section. Elements of these sets are presented below in
Figure 10. In the first set, the droplet was exposed to only a magnetic field. In the second set, taken with a different
droplet on a different day, the droplet was placed in a constant magnetic field and images were taken under varying
electric fields. Using the static model, the mean value for the surface tension in the magnetic-only case was found to
be 17.6 mN/m. This value differs from the 13.8 mN/m for the droplet imaged under both electric and magnetic fields.
The authors observed a consistent phenomenon, whereby a single surface tension could adequately describe the
meniscus of a given droplet in all the range of H or V. However, the calculated value of surface tension was not
consistent between droplets. No correlation between surface tension and variables such as drop volume, magnetic
field, electric field, or temperature has been identified. To eliminate surface contamination along the fluid-solid contact
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plane, the brass electrode was cleaned thoroughly with isopropyl alcohol between tests and allowed to dry. The authors
therefore believe that the most likely form of this variation between droplets is a result of free surfactant in the
ferrofluid which was not consistent between droplets.

Figure 10: (Top) Droplet meniscus under magnetic field only. Droplet volume of 0.350 mm3.
(Bottom) Droplet meniscus under magnetic and electric field held under a constant magnetic field
of 216 gauss. Droplet volume of 0.43208 mm3.

First, the dynamic model was used to study a ferrofluid meniscus in the presence of only magnetic field. To perform
this study, the fluid droplet presented in Figure 10 for the magnetic-field-only case was selected. This droplet was
modeled using a constant surface tension of 17.6 mN/m obtained from the static analysis presented previously. In
Figure 11, the experimentally observed peak height is compared against the peak height that was obtained as the
steady-state solution of the transient simulation for a magnetic field range of approximately 40 gauss. As can be
observed in Figure 11, the dynamic simulation was capable of accurately matching both apex height and droplet profile
for the range of magnetic fields generated by the Helmholtz coil.

Figure 11: Comparison between apex height for images and simulation for a 0.350 mm3 droplet of
ferrofluid with no electric field present

Next a droplet under combined magnetic and electric field was modeled. The calculated surface tension of 13.8
mN/m was used in the simulation. The permittivity of the fluid was not known experimentally and was determined by
fitting a droplet contour at 2000 V while varying  r of the ferrofluid. Ultimately  r  23 yielded an acceptable fit.
This permittivity value was then used to simulate the droplet shape in a range between 0 and 3100 V.
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Figure 12: Comparison between peak height for images and simulation for a 0.3208 mm3 droplet
of ferrofluid within a 216 gauss magnetic field. For voltages higher than 2300 V the laboratory
droplet transitioned to a sharp tip instability.

The dynamic simulation incorporating electric and magnetic fields was capable of accurately matching the meniscus
profile for a droplet within a strong electric field up to approximately 2300 V. For voltages above 2300, the laboratory
droplet formed a sharp peak, analogous to a Taylor cone instability, that was not captured in the dynamic simulation.
The onset of this peak corresponded with measured current emission from the sharpened meniscus. The dynamic
model captured the run-up to this instability as evidenced by an increasing growth rate, however an abrupt transition
was not observed.
The predicted run-up to instability is demonstrated in Figure 13. As the magnitude of the applied voltage increases
the electric stress at the meniscus apex grows until it is the dominant perturbation to the interface. This is in part
because the apex surface grows closer to the counter electrode, but more strongly because the apex radius of curvature
decreases. The particular instability trigger that causes the apex to abruptly sharpen into a zero-radius point is not
present in the well behaved dynamic model because the modeled capillary stress is permitted to grow without bound
as the tip sharpness increases and the geometry is, by definition, axisymmetric. For the highest voltage modeled,
V=3190 Volts, the complete interface stress is broken out in Figure 14. After the electric stress, the next largest
component is the fluid magnetic pressure, given by  0  MdH , followed by the magnetic surface traction. Taken
together, the magnetic stresses sum to approximately 2/3 of the electric stress at the apex, meaning that the resulting
spray instability can be expected to behave differently than classic electrospray.
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Figure 13: Run up to the onset of emission for a droplet within a magnetic field of 216 gauss. Note
that the capillary stress is negative (counteracting electric and magnetic stresses) but is shown here
in magnitude to enable comparison.

Figure 14: Individual stress components along fluid interface for droplet (B = 216 G, V=3190 V).

VI. Simulations of a Needle Electrospray Source
The work presented in the previous sections has applications beyond modeling a sessile droplet on a flat plate. To
demonstrate the versatility of this computational approach for modeling fluid deformation, it was elected to simulate
a capillary needle emitter and predict the onset of emission voltage for such a configuration.
A. Solution Methodology
The computational domain for this study, which was adopted from previous work by Krpoun and Shea17, is
presented in Figure 15. An axisymmetric boundary condition was applied along the main axis, denoted by a dashed
line. The domain limit, which is not show, was modeled with the use of a large spheroid with a radius of 600 μm. The
electrode thickness was unknown and was estimated to be 10 μm. The electrode aperture diameter D and electrode
spacing L were varied; such that four emitter configurations were investigated.
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Figure 15: Computational domain adapted from Krpoun and Shea.17 All unavailable dimensions
were estimated.

A slight internal pressure of 100 Pa was applied to the needle inlet to allow for an initial curvilinear surface at the
interfacial boundary. Due to the micron scale geometry of this problem, the gradient in the hydrostatic body force was
deemed to be insignificant and thus was not modeled. The capillary walls and fluid were treated as perfect electrical
conductors and the extractor electrode was grounded.
The mesh for this domain consisted of triangular elements. A mesh refinement study was performed to determine
a suitable mesh density. From this study, it was determined that 350 elements along the fluid meniscus was sufficient
to avoid a mesh-dependent solution. The fluid deformation was solved in a time transient manner. For each domain
configuration, a profile was first solved at an initial voltage. This solution was then used as the initial profile for the
next voltage. The incremental voltage steps taken were progressively decreased as the fluid became more responsive.
The voltage was slowly ramped between steps and the fluid was allowed to come to rest before the next increase.
Voltage increases were sufficiently small such that the fluid exhibited an underdamped response to prevent overshoot.
B. Results
Presented in Figure 16 are selected meniscus profiles from geometry configuration C (see Table 1 below). The last
stable meniscus was obtained with an applied voltage of 700.4 volts. After this point, it was observed that a voltage
increases as small as 0.05 volts would result in runaway of the meniscus.

Figure 16: Meniscus profiles for geometry configuration C (L = 40, D = 120).
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The fluid meniscus apex height for each applied voltage is presented in Figure 17. As the voltage increases, the
magnitude of the fluid response increases as well to a point where the apex height – applied voltage curve becomes
nearly asymptotic. Once this occurred, stable solutions were not possible and minuscule voltage increases (<0.1 V)
were sufficient to cause runaway. The predicted onset voltage, presented in Table 1, was the voltage from the last
stable solution.

Figure 17: Meniscus apex height versus applied voltage for the four test cases presented in Table
1. Onset voltage was estimated based on the asymptote in apex height. Shaded regions on each plot
denote the experimental onset voltage presented in Krpoun.17 The shading color corresponds to
the experimental onset observed for the same colored simulation data.
Table 1: Comparison between onset estimate from deforming mesh method to experimental and
simulation results presented in Krpoun and Shea
Source-extractor
Onset Voltage (V)
Extractor
distance – L Configuration
Experiment17
Results of
Krpoun and Shea
Diameter – D (μm)
Present Study
Simulation17
(μm)
A
5
90
550-570
522
530
B
25
140
670-690
689
700
C
40
120
700
700.4
720
D
40
140
700-720
738.8
755

Both the deforming mesh technique and the rigid geometry utilized by Krpoun performed reasonably at predicting
the voltage at which onset of emission occurred. In the approach utilized by Krpoun, a Bernstein-Bézier curve was
selected to represent the shape of the fluid meniscus. The nature of this curve allowed an apex radius  ra  to be set.
An FEA model was then created to determine the electric field at the apex and the required voltage to balance the
capillary stresses at this point. Onset was then determined based on analysis of the applied voltage to apex radius
relation. However, this approach is limited in that the Bernstein-Bézier curve used to approximate the fluid meniscus
prescribes the geometry. The shape of this curve is geometrically close to images obtained of deforming menisci and
the limit of this curve as ra approaches zero yields the 49.3° half-angle cone hypothesized by Taylor.21 However, this
curve is not a physics-based solution to the geometry and thus the capillary-electric stress balance along the entire
interface will not in equilibrium.
The deforming mesh approach reported here pursues a first-principles based technique to determine onset voltage.
This approach models the underlying physics controlling the time-accurate deformation of the meniscus and ensures
that the entire interface is in equilibrium. Included in this approach is the internal pressure of the fluid, which has also
been neglected in previous approaches.
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VII. Conclusion
To conclude, we have dynamically simulated a single-peak normal-field instability for a ferrofluid in the presence
of a magnetic field and combined magnetic and electric fields. The fluid surface tension was determined through a
static model of the droplet interface. For the dynamic model in the presence of only a magnetic field, the tip was
accurately modeled over the magnetic field range imaged. For the combined field case, the simulation yielded a high
degree of accuracy for most of the range of electric fields imaged. However, for voltages near the experimentally
observed onset of emission, the model was less accurate at predicting the apex geometry. It is likely that the true
instability arises from a perturbation to the axisymmetric geometry that grows exponentially – a situation that is
suppressed in the numerical simulation.
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